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Abstrat. Investigating iterated Poisson brakets involving the volume
funtional together with the Eulidean Hamiltonian onstraint for unit lapse
we show that within the Ashtekar formulation of General Relativity, the value
β = 1/
√
3 of the BarberoImmirzi parameter orresponds to a onsiderable
simple and ompat form of the Hamiltonian onstraint. This value might yield a
new starting point for the quantization of the Hamiltonian onstraint of General
Relativity.
1. Introdution
Loop quantum gravity (LQG for short, in [1, 2, 3, 4℄ introdutions an be found) is
one of the most promising andidates for a quantum theory of the gravitational eld.
It represents a non-perturbative, mathematially rigorous quantization of General
Relativity (GR) in the anonial framework. The orresponding phase spae variables
are the su(2)-valued Ashtekar onnetion Aia together with its momentum onjugate
Ei
a
ommonly alled densitized triad or (Yang-Mills) eletri eld for short.
The ruial step for quantizing GR in the Ashtekar framework arises from the
natural oupling of the onnetion to oriented urves γ via the so-alled holonomy map
hγ [A] = Pexp(−
∫
γ
A) i.e. the path-ordered exponential of the integrated Ashtekar
onnetion A. This in turn allows for a rigorous onstrution of a Hilbert spae (more
preisely a Gel'fand triplet) as an L2-spae relative to the AshtekarLewandowski
measure. One of the great surprises and key results of the theory omes from the fat
that ertain geometrial quantities, most notably the volume of a region and the area
of a surfae, an be turned into well-dened operators on this Hilbert spae, whih are
self-adjoint and posses a disrete spetrum, thereby exhibiting the disrete struture
of spae at the fundamental Plank sale.
In order to regain the dynamis of GR at the quantum level one has to turn the
lassial onstraints into operators and nd their orresponding solution spae. Due
to the bakground independent onstrution this an be done with remarkable ease
for the so-alled Gauÿ and vetor (or dieomorphism) onstraints, whih represent
the kinematial symmetries of the theory. The main stumbling blok that remained
was the Hamiltonian (or time-evolution) onstraint, whih turned out to be quite
diult to quantize (i.e. dene an operator version). One again the interplay between
kinematial symmetries and the existene of a well-dened quantization of the volume
funtional, together with the ingenious insight of Thiemann allows the implementation
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of the Hamiltonian onstraint as a well-dened operator. Thiemann's disovery rests
on the fat that the presene of an inverse volume form in the (Eulidean part of the)
Hamiltonian onstraint ompensating for the double-density behavior of two eletri
elds, instead of being disastrous ould atually be turned into an advantage. This
is ahieved by replaing all three terms (i.e. the two eletri elds together with the
inverse volume form) by a single Poisson braket with the volume funtional. Atually
the same tehniques apply to the so-alled kineti part, whih however rests on the
existene of the Eulidean part as a rst step.
The present proposal tries to investigate the struture of the full Hamiltonian
onstraint under the light of the above insight. We will show that it is atually
possible to rewrite the Hamiltonian onstraint in a very ompat form, namely as twie
iterated Poisson braket of the Eulidean Hamiltonian onstraint and the smeared
volume funtional. This draws on the simple observation that the lapse funtion allows
redistribution from the Hamiltonian to the volume. It has to be pointed out that the
proposal works only for the denite value β = 1/
√
3 of the so-alled BarberoImmirzi
parameter, whih measures the relative strength between the Ashtekar and the spin-
onnetion.
In the remaining part of this setion we will briey dene the notation that will
be used subsequently. Later in setion 2, the main part of this paper we present a
simpliation of the Hamiltonian onstraint, provided the BarberoImmirzi Parameter
takes the speial value β = 1/
√
3. In the last setion with a summary and disussion
we onlude this paper.
Notation Let us rst dene the Plank length aording to ℓP :=
√
8π~G/c3 ≈
8.1 · 10−35m. In the following we will make heavily use of abstrat index notation,
small roman indies from the beginning of our alphabet (a, b, c, . . .) refer to abstrat
indies [5℄ in the tangent spae TΣ of the 3-dimensional t = const. Cauhy surfae
Σ. Indies from the middle of the alphabet (i, j, k, . . .) refer to a deomposition of
the vetor spae su(2) with respet to the standard basis τi :=
1
2iσi (and σi are the
Pauli matries). Small greek indies orrespond to some loal oordinate funtions xµ.
Using abstrat index notation the (o-)basis vetors ∂/∂xµ ∈ TΣ (and dxµ ∈ T ∗Σ)
an be written aording to ∂aµ ∈ TΣa (and dxµa ∈ TΣa respetively).
With respet to tensor densities we use the following notation. Given the volume
element ωh = 1/3! εµνρdx
µ ∧ dxµ ∧ dxρ (εµνρ are the omponents of the spatial Levi-
Civita tensor with respet to the oordinate basis hosen) any tensor density an be
deomposed in a tensor times the density ωh. Furthermore on Σ there is a natural
metri independent three-vetor density of weight one:
η˜abc := dxµ ∧ dxν ∧ dxρ∂aµ∂bν∂cρ (1)
Its inversea three-form density of weight minus onewe denote by η˜abc, it fulls:
η˜a1a2a3η˜b1b2b3 =
∑
pi∈S3
sign(π) δ
a
pi(1)
b1
δ
a
pi(2)
b2
δ
a
pi(3)
b3
(2)
And S3 is the group of permutations of three symbols. Furthermore e
i
(and eia in
the ase of abstrat index notation) is the o-triad or soldering form, from whih the
spatial metri is reonstruted aording to hab = δije
i
ae
j
b. The inverse we always
denote by ei
a
and all it triad. From the o-triad an oriented volume element is built
aording to:
ωE :=
1
3!
ǫijke
i ∧ ej ∧ ek = e1 ∧ e2 ∧ e3 = εωh (3)
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Here ǫijk denotes the totally antisymmetri symbol in internal spaexed one and
for all to the values ǫ123 = 1, ǫ132 = −1 and so on. Furthermore ε is the orientation
of the triple (e1, e2, e3) whih an in General Relativity always be xed to either
±1 globally. The spatial Levi-Civita ovariant derivative we denote by Da, ating
both on internal su(2) and tangent indies it annihilates the triad Daei
b = 0 and
its inverse too. To abbreviate iterated Poisson brakets we dene for n ≥ 0 that
{A,B}n+1 = {{A,B}n, B}, together with {A,B}0 = A.
2. Poisson brakets ontaining volume and Eulidean Hamiltonian
2.1. Ashtekar variablesan elementary overview
The Ashtekar variables are related to geometrodynamis in the ADM-formulation [6, 5℄
via:
Ei
a = ωhei
a, Aia = Γ
i
a[E] + βεK
i
a (4)
Here Kab in the form of K
i
a = e
ibKba is the extrinsi urvature tensor (the seond
fundamental form of Σ), the quantity Γia[E] denotes the three dimensional spin
onnetion 1-form, deomposed aording to Γija = [Tk]
i
jΓ
k
a into the generators
[Ti]
j
k = ǫ
j
ik of SO(3). Its dependene on the densitized triad is determined by
Cartan's rst struture equation (i.e. the vanishing of the torsion 2-form D ∧ ei =
d ∧ ei + ǫijkΓj ∧ ek = 0). Forming a anonial pair the only non vanishing Poisson
braket of the elementary variables reads:{
Ei
a(p), Aj b(q)
}
= γδji δ
a
b δ
(3)(p, q), γ :=
βℓ2P
~
(5)
Furthermore β (the BarberoImmirzi parameter) is a new dimensionless positive
onstant of nature. Introduing this parameter only eets the quantization of GR,
the lassial theory is ompletely insensitive to its value. From the blak hole entropy
alulation in the LQG-framework [7℄ together with the requirement to preisely
reprodue the BekensteinHawking formula SBH =
1
4
kBc
3
~G
AH the authors of [8℄ propose
this parameter to be xed to the value:
β ≈ 0.2374 (6)
By the very same argument one nds in [9, 3℄ a slightly dierent value of β ≈ 0.2375
instead, whih holds for all stationary blak holes.
One might wonder now about the orientation fator in our denition of the
Ashtekar variables (4). It was introdued to get rid of additional onstraints the
Ashtekar variables would have to full otherwise. Consider for example the pair
E′i
a := ωEei
a
and A′ia := Γ
i
a + βK
i
a instead. Let P be the parity transformation
in internal spae (i.e. the map P : ei 7→ −ei). If PA′ia is the parity transformed
onnetion, the following additional onstraints would have now to be fulled:
η˜abcǫijkE′iaE′jbE′kc
!
> 0 (7a)
1
2
(
A′ia + PA′ia
) !
= Γia[E
′] (7b)
These addiditonal onstraints are absent in (4), and ould not straight forwardly be
implemented in the quantum theory. One an nd a short disussion of the same
subjet in appendix A of [10℄.
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Furthermore the Ashtekar variables in the form of (4) most naturally emerge from
the Hamiltonian formulation of the 1995 disovered Holst ation introdued in [11℄,
whih takes the following form:
SH[η, ω] =
~
4ℓ2P
∫
M
(
ǫIJKLη
I ∧ ηJ ∧ ΩKL[ω]− 2ε
β
ηI ∧ ηJ ∧ ΩIJ
)
(8)
Here η denotes the o-tetrad (the four dimensional extension of e), ω is the so(1, 3)
valued spin onnetion, Ω is its urvature, and ǫIJKL is the four dimensional
antisymmmetrising operator in internal spae (xed to the values ǫ0123 = 1, ǫ1023 = −1
et). Roughly speaking the Lagrangian assoiated diers from the EinsteinHilbert
Lagrangian LEH[g] = d4x√−gR by the orientation ε of the o-tetrad LEH[g[η]] =
εLH[η, ω[η]]. Here ω[η] has to be understood as the four dimensional Levi-Civita spin
onnetion, funtionally depending on the tetrad, and g[η] = ηIJη
I ⊗ ηJ is the spae
time metri assoiated. Furthermore the orientation fator introdued in the seond
term of the above equation absent in the original denition of the Holst ation is
needed to reover the Ashtekar variables dened as in (4), and ensures all terms to
transform equally under an internal reetion. By this denition parity is neither
a symmetry of the sympleti struture (5) nor of the Hamiltonian onstraint being
dened by (iii) and equations (10a), (10b), and (12).
The phase spae built from all pairs (Ei
a, Aia) ontains unphysial degrees of
freedom, ongurations being realised in nature are seleted by the vanishing of three
types of onstraints, Gauÿ , vetor and Hamiltonian onstraint respetively. The
smeared versions of the onstraints take the following general form:
(i) Gauÿ onstraint: Gi[Λ
i] :=
∫
Σ Λ
iDaEia != 0, for all Λi.
(ii) Vetor onstraint: Ha[V
a] :=
∫
Σ
V aF jabEj
b != 0, for all V a.
(iii) Hamiltonian onstraint: Hβ [N ] := HE[N ] + (β
2 + 1)T [N ]
!
= 0, for all N .
Here Λi : Σ → su(2), V a : Σ → TΣa and N : Σ → R are smooth funtions
of ompat support, Da = ∂a + [Aa, ·] is the ovariant derivative assoiated to the
Ashtekar onnetion, and F jab is its eld-strength (or urvature):
F = d ∧ A+ 1
2
[
A,A
]⇔ F iab = ∂aAib − ∂bAia + ǫijkAjaAkb (9)
The Hamiltonian onstraint splits into three terms, the rst two of them are alled
Eulidean and kineti Hamiltonian respetively, they take the following form:
Eulidean part: HE[N ] =
1
2
∫
Σ
NF jabη˜j
ab
(10a)
Kineti part: T [N ] = −1
2
∫
Σ
NǫjimK
i
aK
m
bη˜j
ab
(10b)
Simplyfying our notation we have introdued the su(2) valued bi-vetor density
η˜j
ab = (ωE)
−1ǫj
lmEl
aEm
b
. Using the determinant formula ωEǫ
ijkei
aej
bek
c = η˜abc
the Eulidean Hamiltonian an be rewritten aording to the following equation:
HE[N ] =
1
2
∫
Σ
Nη˜abcF jabejc (11)
It is preisely this form that was employed by Thiemann as starting point that allowed
the quantisation to proeed [12℄.
Simplied Hamiltonian onstraint for a partiular value of β 5
2.2. Variations on the phase spae
This subsetion will be devoted to the alulation of exterior derivatives dF (i.e.
variations) of some (assumed to be dierentiable) funtionals on the phase spae of
the Ashtekar variables. Let us rst study what may be alled smeared volume of
spae, i.e. the quantity
V [εN ] :=
∫
Σ
NωE =
∫
Σ
Nεωh (12)
The metrial volume three form ωh whih in terms of the Ashtekar variables an be
rewritten as the square root of the determinant of the densitized triad
ωh =
√∣∣∣ 1
3!
η˜abcǫijkEiaEjbEkc
∣∣∣, (13)
whih yields the funtional dierential of the smeared volume of spae
dV [N ] =
1
2
∫
Σ
NeiadEi
a. (14)
Here the variation of the orientation of the triad has been negleted. In the lassial
theory this fator an however always be xed to ±1 globally, and we an thus neglet
all variations and derivatives assoiated. Otherwise omputing Poisson brakets we
ould enounter singular (distributional) expressions of the form of
∫
Σ ∂aε[. . .] leading
to generially non vanishing surfae terms. By the same argument we nd:
dωE =
1
2
εeiadEi
a
(15)
Following Thiemann we dene the smeared version of the integrated trae of the
extrinsi urvature tensor:
K[N ] :=
∫
Σ
βεNKiaEi
a =
∫
Σ
N
(
Aia − Γia[E]
)
Ei
a
(16)
Computing the funtional dierential we reall the denition d ∧ ei + ǫijkΓj ∧ ek = 0
of the Rii-rotation oeients Γia and nd:
D ∧ dei + ǫijkdΓj ∧ ek = 0 (17)
From this equation we obtain after performing a partial integration (remember N
to be a salar test funtion) and using the fat that the ovariant spatial Levi-
Civita derivative ating on all indies annihilates the (o-)triad (i.e. Daei
b = 0 and
Dae
i
b = 0) together with the identity d(elbem
b) = 0 that:∫
Σ
NdΓiaEi
a =
1
2
∫
Σ
NεǫmildΓ
i
ae
l
be
m
cη˜
abc = −1
2
∫
Σ
NεDadembe
m
cη˜
abc =
=
1
2
∫
Σ
ε∂aNdembe
m
cη˜
abc =
1
2
∫
Σ
ωh∂aNdembǫ
ijmei
aej
b =
= −1
2
∫
Σ
ωh∂aNembǫ
ijmei
a
dej
b =
1
2
∫
Σ
ǫimjei
a∂aNembdEj
b


(18)
To arrive at the latter one needs the determinant formula as well the identity
d(elbem
b) = 0. We now know the funtional dierential of K[N ] to be:
dK[N ] =
∫
Σ
NdAiaEi
a+NβεKiadEi
a− 1
2
ǫlmiel
b∂bNemadEi
a
(19)
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Finally we derive the funtional dierential of the Eulidean Hamiltonian, taking into
aount the variation of the urvature
dF = D ∧ dA⇔ dF iab = DadAib −DbdAia, (20)
and using equations (15) and (20) together with the identity D ∧ ei = (D−D)∧ ei =
εβ[K, e]i, we nd after a partial integration
dHE[N ] =
∫
Σ
[
− N
4
(ωh)
−1eiadEi
aη˜bcdF jbcejd +N(ωE)
−1ǫj
imF jabdEi
aEm
b+
−Nη˜bacdAiaǫilmβεK lbemc − ∂bNη˜bacdAiaeic
] (21)
2.3. A series of Poisson brakets
Using the preparations of the last setion we are now ready to ompute the seond
iterated Poisson braket between volume and Eulidean Hamiltonian, more preisely
the quantity {V , HE}2. Afterwards using this result we will reonstrut the full
Hamiltonian onstraint for β = 1/
√
3 obtaining a surprisingly simple expression. First
let us however revisite the following expression, whih an of ourse already be found
in [12℄ as well: {
V [N ], HE[M ]
}
= −βγ
2
∫
Σ
MNεη˜baceiae
m
cǫilmK
l
b
= γK[MNε]
(22)
To us the following expression being the seond iterated Poisson braket between
smeared volume of spae and Eulidean Hamiltonian in the form of {V [N ], HE[M ]}2
is of muh greater interest:{
K[N ], HE[M ]
}
= γ
∫
Σ
[
NβεKia − 1
2
∂bNǫ
lmiel
bema
]
·
·
[
−Mη˜dacǫirsβεKrdesc − ∂dMη˜daceic
]
+
− γ
∫
Σ
MNEi
a
[
− 1
4
(ωh)
−1eiaη˜
bcdF jbcejd + (ωE)
−1ǫj
imF jabEm
b
]
=
= γ
∫
Σ
[
MNβ2η˜adcǫirsK
i
aK
r
de
s
c +N∂dMβεη˜
dcaKca+
+
1
2
M∂bNβωhǫ
ilmǫirsǫjm
sel
bKrde
jd +
1
2
∂dM∂bNǫ
ilmη˜daceicel
bema+
+
3
4
MNη˜bcdF jbcejd −MN(ωE)−1ǫjimF jabEiaEmb
]
=
= γ
∫
Σ
[
MNβ2(ωE)
−1ǫj
lmǫjirK
i
aK
r
bEl
aEm
b + ∂aMNεei
aDbEib+
+
1
2
M∂bNεel
bDaEla + hab∂aM∂bNωE − 1
4
MN(ωE)
−1ǫj
imF jabEi
aEm
b
]


(23)
The latter an be written more ompatly aording to:{
K[N ],HE[M ]
}
= −2γβ2T [MN ]− γ
2
HE[MN ]+
+
1
2
Gi
[
εeia(2∂aMN +M∂aN)
]
+ γV [εhab∂aM∂bN ]
(24)
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The last step made use of the Gauÿ onstraint whih restrits Kab to be symmetri:
DaEia = (Da −Da)Eia = βωEǫilmK laema (25a)
Kab −Kba = 1
β
DdEideicη˜abc (25b)
From (22) together with (24) by taking M = 1 we immediately nd that:{{
V [N ], HE[1]
}
, HE[1]
}
= −γ
2
4
∫
Σ
N(ωh)
−1
[
ǫj
mnF jabEm
aEn
b
− 4β2ǫjrsǫjmnKraKsbEmaEnb
]
+
γ2
2
∫
Σ
eia∂aNDbEib
(26)
Observe now that if
4β2 = β2 + 1⇔ β = ± 1√
3
≈ ±0.5774, (27)
the above equation reprodues the full Hamiltonian onstraint. To be more preisely
we have found the following identity:
forβ =
1√
3
: Hβ [εN ] = − 2
γ2
{
V [N ], HE[1]
}2
+Gi
[
eia∂aN
]
(28)
Observe Hβ [εN ] to be insensitive to the orientation of the triad. This follows from
the fat that with respet to an internal reetion (i.e. a parity transformation)
the densitized triad Ei
a
is hanged by an overall minus, but F jaban internal
pseudovetorremains unhanged. In the ase of β = 1/
√
3 we have reovered the
Hamiltonian onstraint assoiated to the EinsteinHilbert ationwhih in ontrast
to the Hamiltonian onstraint derived from the Holst ation does not know anything
of the orientation of the triad at all.
3. Conlusion
Let K denote the kinematial Hilbert spae of LQG, that is the ompletion of the
vetor spae (with respet to the norm indued by the natural inner produt thereof)
spanned by all SU(2) gauge invariant spin network states, and let Ψ be some vetor
therein. On K there is a quantization of both volume (see [13℄ and [2℄ for two slightly
dierent approahes to the quantization of volume) and a quantization ĤE[N ] of the
Eulidean part of the Hamiltonian onstraint for generi lapse N (see for instane
[12℄). In the ase the BarberoImmirzi parameter takes the speial value β = 1/
√
3
(whih diers from the proposals in [14, 8, 9℄ onsiderably) we would thus be allowed
to propose the following quantization of the full Hamiltonian onstraint of General
Relativity:
forβ =
1√
3
: Ĥβ [εN ]Ψ :=
6
ℓ4P
[[
V̂ [N ], ĤE[1]
]
, ĤE[1]
]
Ψ (29)
A moment of reetion reveals, that in the passage from (28) to the proposed
operator version in (29), there appear to be almost no quantization ambigiuities. The
quantization of the Poisson braket is straightforward, and all remaining quantization
ambiguities arise from V̂ [N ], ĤE[1] and of ourse Gi[e
ia∂aN ] respetively. In lassial
GR the funtional Gi[e
ia∂aN ] does not introdue any new onstraints, and an always
be absorbed into a redenition of the Lagrange multiplier eld Λi , whih we will do
in the following. Using a so-alled internal regularisation for the volume operator as
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in [13, 4℄ and provided that ĤE[N ] is anomaly free in the sense of Thiemann the same
holds for the proposed quantization in (29) too. This immediately follows from the
fat that V̂ [N ], ĤE[N ] as well as ĤE[1] are not ating on newly reated verties.
At the end of this paper reognising the importane of [8, 9℄ we have to fae the
ruial question of the physial relevane of our observation. Do we have to aept
the proposed value (6) found from blak hole entropy alulations? Arguing that a
semi-lassial limit of LQG leads to GR for this partiular value only this question
is ommonly answered in the armative (see for instane [4℄). To our knowledge
there is however no indiation other than the famous blak hole entropy alulations
for this assumption available. Furthermore GR is onsistent with any value of the
BarberoImmirzi parameter and the result of Bekenstein and Hawking was found in a
semi-lassial (low energy) approah. From this observation Jaobson proposes in [15℄
to distinguish between a mirosopi entropy SLQG found diretly from LQG and the
marosopi result SBH. He then suggests that mirosopi Plankian quantities and
their low energy ounterparts are related to one another by unknown dimensionless
funtions of β, and onludes that demanding SLQG = SBH(β) ould be used to x
the BarberoImmirzi parameter to possibly other values than those found already in
the literature [8, 9℄.
Let us remark that even if the above value for β is not hosen to be 1/
√
3
it is still possible to rewrite the Lorentzian onstraint as double-braket upt to
an additional additive Eulidean onstraint. After some algebrai manipulations
and again negleting all Poisson brakets involving ε (remember that we always set
{ε, ·} = 0) one arrives at the following expression:
Hβ [N ] =
3β2 − 1
4β2
HE[N ]− 1 + β
2
2β2
1
γ2
{
V [εN ], HE[1]
}2
+
+
1 + β2
4β2
Gi
[
εeia∂aN
] (30)
In order to onstrut a onsistent quantization of the above equation it would be
needed to either implement the oriented volume of spae V [εN ] =
∫
Σ
NωE quantum
theoretially, or to restrit ourselves to the subspae of K orresponding to xed
orientation ε = ±1.
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